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SPATIAL INTERACTION OF STRONG DISCONTINUITIES IN A GAS

V.M. TESHUKOV

The spatial problem of the interaction of curved fronts of strong dis-
continuities during collision is examined for the system of gas-dvnamic
equations. In the case of regular interaction, an algorithm is indicated
for the construction, and the existence of a piecewise-analytic sclution
of the problem in an exact formulation is proved. The series governing
the solution converge in a certain neighbourhood of a two-dimensional
surface y, in the space R*(x, ¢}, which is the intersection of surfaces of
interacting discontinuities. It is shown that the solution cannot be
piecewise~analytic in the neighbourhcod of those points of vy, for which
the normal velocity of the curve vy, with respect to the gas {a section
through %, by the plane = const) is subsonic,

1. Formulation of the problem. For te<[—1t,#]{¢ is the time), let an analytic
golution w =uy(x, #), p = po{x, &), p = p, {x, 1) of the svstem of gas-dynamics equations

o+ divpu==0, (pw,), + div{pwm) - (Yp); =0 (1.1)
(p(e -+ taluf) +divou@ + e lul)=0 (=1,2,3)

be known in the domain Q C Rz, f) (x = (2,, %3, 735) = R%, t = R) {u = (u,, us, #3) is the velocity
vector, p i& the density, p is the pressure, ¢ is the specific internal energv, and i=g2g -+ p
p™ is the specific enthalpy). The functions e==¢(v, p), p =g (v, s) (here v =p" and s is
the entropy) that give the eguation of state of the medium are analytic and satisfy the normal
gas conditions /1/. The fronts of two strong discontinuities propagate over the background
“null™, where the surfaces of discontinuity T;( R*(x,f) and the solutions behind the fronts
u=u;(x,8),p=p;{x8),p=p;(x,8) (j =1, 2) are analytic. (The discontinuities are concentrated
on the hypersurfaces I'; in the space R*(x,!). Sections TIj; through these surfaces by the planes

*prikl.Matem.Mekhan.,50,4,605-615,1986
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t == const correspond to the instantaneous positions of the fronts of the discontinuities). At
the time ¢ ==0 the fronts first touch at the point . It is required to describe the inter-
action process for £ >0 if the motion of each of the discontinuities in the absence of
another is known for ¢ & [—t, #;]. The problem is examined in this formulation for the inter-
action of two shocks moving towards each other or for the incidence of a shock on a contact
discontinuity.

Remarks. 1°. If for t=0 the u I toget
with the point @, then by virtue of analyticity Iy, and Ty, should co;.ncn.de for t=0, Then
the problem arise regardlng the decay of an arbitrary discontinuity on a curvilinear surface,
as examined in /2/. We shall assume that ¢ is a single point of tangency of the fronts of
interacting discontinuities for ¢>0 (for ¢> 0 the tangent planes to the fronts do not
coincide at points of intersection).

2°. The method proposed for constructing the solution can be used almost without change
in cases when the tangency of the fronts at the initial time occurs at several points at once,
or over a certain closed or open curve in Rf(x} when tangency holds for >0 also. 1In
particular, motion with plane-parallel symmetry can be considered when the tangency of the

fronts occurs over the rectilinear of cylindrical surfaces.

Ty N Ty c<ontain

2. Conficuration of the j_nov 1larities, The two-dimens e o R3Ux)

fod
. et aab ol o Seatenliadh o i TAATS M ALISNE AR A A e A R i R N
which the line of intersection yo = Iy 1 Ty descrlbes as t grows, is determined by the motion
of the given front T;,. Lety, have no selfintersections and let one instant t exist for each
point X & ¥y such that x& Yot Let us gl‘v‘e the surface Y1 and the appropriate Polﬂl.b x of
the times t by the parametric equations x = X, (B, ¥y), £ = t, (B, ¥); here x,, f, are analytic
functions of the parameters f, vy that have a difference in length, xg==0, Xpy 550, X8 X Xy 7
0. If y, is projected uniquely on the plane a,%;, then the variables ,, r; can be taken as
B, ¥: the functions x4 (%s, Z3), Ly (T2, 23} are determined from the equations of the surfaces [
upon compliance with the conditions of the theorem on implicit functions and  (x,(B, v) = {ry, (B,
v), B.9)). We will consider this method of parametrization basic although further constructions
are applicable for other parametrizations also. A two-dimensional surface vy, =TI, T, A (x,
t) is given by the equations x =X, (B, V), t = £, (B, ¥).

The shock, contact discontinuities, configurations and waves centered at vy, /3/ are
determined in the first stage of the construction of the solution. Relationships on the shocks
and the centered waves, the contact discontinuity, and the conditions for passage of the
surfaces of discontinuity through y, in the case of a regular interaction are used here.

It is convenient to convert the Hugoniot relations on the shock front to a form containing
the known vectors of the coordinate basis of the surface vy, : 91 = (zip, Top, L3ps L)y Iz = (Lay, Loy, Tays
ty) (the derivatives are calculated on v, and the index 0 is omltted) To do this, we use

the relationships /4/
xgn==1fgl,, xn=1t,D, 2.0

where n is the normal to the shock front, and D, is the velocityv of motion of the front in
the normal direction. As a consequence of the relationships on the shock we obtain /4/

fe]l=[b]=0, ={v, p)—elw; p;}=="falp + p}{r;—7) 2.2)
Vp == Dn Uy =V (p - pi)xf' {UJ' - v)—‘h{an = (un))
a=(uxg) ~fp (i + 2 ulf), b==(uxy) —ty(i+Yalul)

where [f] means the jump in f during passage through the discontinuity. The quantities a =
(U3y), b = (Udy) are covariant components of the vector function U= (uy, uy, us, — (i + Y3 [u )
(on changing the parametrization §, ¥ by B’,y" we obtain.a’, ¥ which are obtained from e,b by a
tensor transformation law). The conservation of the projection of the above-mentioned vector-
function on the tangent plane to ¢, during passage through the discontinuity follows from (2.2).

We define the concept of the normal velocity of the curve y, moving with time in R®(x).
We consider the normal plane to 7y, at the point 4 & yu . Let B be the point of intersection
of Yeesan and the normal plane. The vector N = lim AB (A#)™? is called the normal velocity

Ates)

of yu at point A. The difference between the normal velocity of vy, and the projection of
the gas velocity vector on the normal plane is called the normal velocity of the curve of v
relative to the gas. A simple calculation shows that the normal velocity of wy, agrees with
the vector (k Xm)|k|™® while the normal velocity with respect to the gas agrees with the
vector w; w = (q X k) [k|? Here k = fgxy — f,Xy is a vector directed along the tangent to
Yor» M = Xg X Xy is a vector directed along the normal to y,, and g=m + k X u is a vector
directed along the normal to the contact characteristic passing through ¢, /4/.

We introduce ¢, the angle between the vectors w and — N

cos@=(q-m)|q | m{Y, sing=|k{(um)|ql*{m|* 2.3)
The relationship /4/
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(p—(p,-:iarcsinllq—kjll[

(p— P, —v— 2314, | KB (p—p)) -
T—(p—p)v;+v) [k Pgl™ ] 2.4)

(here @ — @¢; corresponds to the quantity 0 in /4/) is obtained for the angle of rotation of
the vector w on passing through the discontinuity, and agrees formally with the equation of
the shock polar in the plane of the variables, pressure-slope of the velocity vector considered
in the theory of indirect compression shocks. (The absolute value of the normal velocity
vector ¢y, with respect to the gas ahead of the front corresponds to the absolute value of the
free stream velocity vector and the subscript j refers to the state ahead of the front).
Certain properties of the shock polar in a normal gas were studied in /5/.

The relationship (2.4) holds even at the point @, where t3 =1y =0 (¢,(B, y) reaches
a minimum on y, at the point Q) and both sides of the equation vanish. But (2.4) can be written
in the form |[k||m|™ @ (B, y) = 0, where ® is continuous in the neighbourhood of the point where
tg =ty = 0, consequently, it follows from (2.4) that ® =0 on y, (at points where |k|% 0 it
is possible to separate |[k||m|? into factors, and @ =0 in continuity at the point Q).

The equality ® = 0 is equivalent to the following

e Am] k| [(p—p)y;—v —v2]q; [ k[P (p—py) s 25
0 — 0= aresi 1 T TG = T 0 (R g ] 25)
where 6 =|m||k['¢; as [k|—-D we have o=|m]||k|'arcsin{/k|(u-m) X |[§|?|m[!}. Here and in
(2.5), as tg?+t2—0
~ . had (21)' lkl?l /21+1
1 == ——
[ | aresin [k | f H‘; 2+ 1)
Consequently (2.5) goes over into the following equation at the point @
0—0;=(p—p)r@;—v)" (2.8)
which is actually the equation of the (p, u,)-pattern of the shocks /1, &/ (0 = u, = (um)

|m[' for tg = ty = 0, n = m | m |?). For |k|+# 0 the quantity o equals the arc length on
a circle of radius |m| |k |? (the absolute value of the normal velocity Yyu), shrunk by the
angle ¢ taken with the sign sgn¢. Exactly like the angle ¢ —¢@; the quantity o — 0;
characterizes the rotation of the vector w during passage through a discontinuity, but it is
more convenient for analysing the relationships on the discontinuity since 00 for ¢ =1ty =
0 unlike ¢.

It has been shown /3/ that the limit values on y, of the fundamental quantities on both
sides of the wave centered on 7y, are connected by the equations

lal =16 =0, Is1=0, o= H(p, s, (qf+ 2.7
2i |k [?) [m [#)] =0

¢ 3 (2i 4 Vs dp'
H(p,s,g)zs [E—[k]Pim| (2 4 ) (p', 5)]"* dp

oP(P’, sje(p, ) (E—2[klm [Pi(p, 8))

s CB=—0g, (v, 5)

(q corresponds here to the vector v in /3/, and the quantity 6 in /3/ is connected with ¢

by the relationship 6 = |m|™?¢). Using the fact that the vector q is directed along the normal
to the front of the contact discontinuity /4/, the relationships on the contact discontinuity
can be converted to the form

[pl =0, [o] =0 2.8)

If the normal to the wave front is directed towards the state ahead of the front, then as
can be shown for (ng) >0 the plus sign must be selected in (2.5) and the minus sign in (2.7)
(the opposite for (nq)<<0). We call the waves turned to the right (to the left) if (nq) >0
((nq) << 0).

The method of determining the configuration of the singularities on y, is analogous to the
method of the (p, u)-pattern for solving problems about the decay of an arbitrary discontinuity
/1, 6/. The (p, 0)-patterns of transitions are examined at each point y,: for p > p; these
curves are given by (2.5), while for p <(p; they are given by

OF H(p, s, (|q; 1> + 2|k ) Im[2) = 0; + H (ps» 5; (| q; * + 24|k [*) | m[2)

Of the two states 1 and 2, we call that gas state right towards which the vector ¢ (co-
incident with m at ¢t = 0) is directed. A (p, 0)-pattern of the transitions is constructed
for each point of the surface y, such that from the points (p;, 0;) corresponding to the right
state, a (p, o)-pattern of transitions turned to the right results, while from the points
corresponding to the left state, a pattern of transitions turned to the left results. Gas
states that can be related by a contact discontinuity (in conformity with (2.8)) correspond
to the points of intersection of the (p, 0)-patterns.

We assume that the equations of state of the gas satisfy the condition
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(P + vgy) & + pv < 2.9
This inequality ensures that the "supersonic" portions of the (p, o)-patterns are monotonic,
i.e,, the o0 depends monotonically on p (on the supersonic portion l qlf=]q;*—(p —py) v+

¢) |k >1k|[*c¢?). By virtue of the above-mentioned connection, the corresponding properties of
the {p, o)-pattern are obtained from the properties of the shock polar studied in /5/. The
configuration is defined uniquely at the point @ (by virtue of (2.9) the curves (2.6) are
monotonic for all values of p and the point of intersection of the patterns is unique). The
patterns drawn from the points (p; (B, y), 0;(B.¥)) (where the parameters v,p correspond to points
on ¥, that are close to @) can have two or more points of intersection. (We show in Fig.l
{p, 6)-patterns corresponding to shock interaction in a polytropic gas }. From continuity
considerations for the solution behind the shock front, the configuration of singularities is
determined in this case by the point of intersection with minimum p (peint 3 in Fig.l).
The appearance of other points of intersection is actually possible for the values p > min

(ps*, p»*), where p* are the coordinates of pecints on the p axis where the (p, o)-patterns have a
vertical tangent. The values of p;* are determined from the egquations

lqu“ Uj+V_U’(P—Pj)

TkF U R S T T (5=,

where v=v(p, p;; v;) (by virtue of the eguations of the Hugoniot adiabat, and v = dv{p ps v;iap.

The left side of the egquality tends to infinity as |k|— 0, and then p* —d (pj—v — v {(p—ph)+0
by virtue of (2.9)(/5/). Therefore, the remaining points of intersection are far from the
point found (ps(Q), 03(Q)) for small tgs by The values of (ps, 0s), connected in a continuous manner
with (pg(Q), 05(Q)), are defined uniquely in the neighbourhood @ of the point ¢ on y, The boundary
of the neighbourhood w® is determined by the tangency condition of the (p, ¢)- patterns drawn

at the corresponding points (p; (B, v). 0; (B, ¥)) (the ambiguity in determining the configuration can
occur during the merger of two roots, and this indeed corresponds to the boundary of «). After
having determined o,p,v, 2, b on ¥, the vector u is restored by the formulas presented in /47

and we{ialim K Fsio (k|| m i) mo [ m [ xy = bxg) X m + (2.10)

fqPiki2sin® (kijm~s) 4 (ax, — bxg)* [m|?+ 2 kxm
T I TqlT @ cos (K[[m[75) F (k, bXg—ax,)[m[? [m[ }

Different configurations of shock and centered waves occur depending on which poritions
of the patterns intersect at peint 3 (similar to the problem of the decay of an arbitrary
discontinuity). The criteria presented in /2/ can be utilized in determining the kind of
configuration, depending on the data of the problem about the point Q.

-4
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3. Configuration of two shocks. Let the data of the problem be such that for all
(x, )= 0, C ®©C y, the point of intersection of the (p, 0)-patterns lies on branches correspond-
ing to shocks. It is required to find the surfaces of the reflected shocks T4, I, the contact
discontinuity surface I'y, and the solution of (1.1) in the domains Q;bounded by these surfaces.

The pattern in the sections ¢ = const corresponding to the given problem is displaved in
Fig.2, and the pattern in the section z3 = const corresponding to the problem of flow with
plane-parallel symmetry in Fig.3 (the flow characteristics are independent of z; see Remark 2°).

A change to the auxiliary variables t,a,f,y in the domains Q; is made in constructing
the solution so that the unknown boundaries are fixed in the new variables (1, @ have the
dimensions of time, and P,y the dimensions of length), then after the problem has been solved
in the fixed domain, the possibility of transferring to the initial variables is then proved.
Let the vector m be directed towards the state 1 for ¢ = 0. The replacement of the variables
is given by the relationships t =1+ a + (B, v), x =x (7, a, B, Y)where the vector x (1, a, B, 7)
is determined by solving the equations

u—+ Vn Qx

TP — v, Re )
xe=(um)|q|2q—V?|m|1q|?(k xq) (x—Y)|f=p=0
Up =0 (p — pj) (v; — vy ™

v Ya=o=xo (B, ¥) 3.1

Ya =

Here V is a positive constant such that on yo|u| <<V, q4 = (¥p — fgu) X (yy — ty0), k, = tgyy —
tyyp  the plus sign corresponds to the domain €, and the minus to the domain ,. The normal
to the shock front can be calculated in the form /4/

n=(+(qP —v? k) q+va(k x q)[q[? (3.2)

Consequently xgn = 1D, for t=0 and (x; —u)q =0 everywhere. This means that the
plane T =0 corresponds to the shock surface and the plane a = const to the contact character-
istics; in particular, I'; corresponds to a =0 /4/. The Jacobian of the passage to the new
variables for tv =0 is calculated in the form

Tlemo=(X: — X} [m + k X %] ="F @a| g 2T % (| g — 02|k 2" ey

and is different from zero on y, at least, since the inequality J™ > 1/2 holds for the
quantities Jl = (qm)|q[? + V2 [kE|m[*|q [

After introducing new variables in Q; the xg, Xy, #3, &y are determined, and consequently
the quantities o, a, & can be introduced in §; by the same formulas as in Sect.2.For v =0 the
relationships (2.1) are satisfied since the vectors 3, = (T3, Zop, Zap, 8}, Iz = (T1ys Loys Tay, ty) lie
in the tangent plane to the shock surface. It can be shown bv utilizing (2.1) that the
boundary conditions on the shock front can be written in the form (2.2), (2.5) (as in Sect.2.

System (1l.1) is converted to new variables in the domain €,

ay=e1vp + Bavy -+ €3, brSSeqvg+ esvy 1 es,  Sy==€5g 1 a8y 3.3)
dh, =hg + egvg + e10Vy + €11 (Xa)g + C12(Xe)y + €13
h=— (U) N (x‘[ — xa) q (;v q) (c_z—l QI—zl k |2) Jlml p—l

pl’ e lelqfimr s (&)

Here v is the notation of the vector solution whose components are the quantities a, b, s,
G, P, Tipy, Tyyy & (E=1,...,3); ¢ are scalar, vector, and matrix functions of the variables vV, Xg,
B,y and ¢ =I'(m+k X xg). The derivatives aq, by are not in system (3.3); the selection
of a,b as the desired functions is explained by this circumstance and the simplicity of the
boundary conditicns (2.2). 1In the domain €, the system of equations has a form analogous to
(3.3), taking the changes when determining the change of variables into account. The desired
functions and the coefficients of the equations in Q, will be denoted by corresponding capital
letters: A4, B, S8, Z, ..., E;, D. The question of the existence of a solution of the problem will
be solved by constructing a Taylor series for the solution in the neighbourhood of the points
®; and proving their convergence.

We will show that the equations and boundary conditions permit a unique determination of
all the derivatives of the solution at an arbitrary point of a certain subdomain of «;. To
this end, we transform the boundary conditions of the form (2.5) by extracting the linear
part in ¢ and p at the point N & o, (Z v,

A (") =h1(p, p1, o3, 0, |k, | q2], |m) (3.4)
P

A(ﬁ) — Fy (P, pay vay 00, [KP, o)y {m )

(=t n=(1(5),), A= 8 =(1(%),)
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(5 by = (57 )y =0

The last equations of system (3.3} are written in the form
dl\’ht:ha -+ @, DNHT’::Ha + @ (3.:}}

(dy = (d)n, Dy = (D)y in ¢ and @ are referred to the remaining terms of the equations; this
transformation separates the principal part in the derivatives h,, b, at the point N).

In clarifying the question of the solvability of differentiated equations and boundary
conditions with respect to the derivatives of the desired functions in the variables 1 and
o the relationships (3.4) and (3.5) play an important part in connected with the fact that
the boundary conditions for ¢ and p are given for 1t =0 and a =0. We will write the
differential consequences (3.5) in the special form

n
d5hy ns=hno+ D AN Qrsnei (3.8
Fa=jh1

: i

d-hyhj, A-j == l?o. n— ;21 th Pr-1, n-k
n
DN_JH;', nj = Hyo+ 2 by kmknl, n-ky
k=il

. i
D;‘]HJ'; n-j = Hy n— kgx val ¢k—1, n~k
(@i, 5= 0" 8’ 87

After multiplying the first and third equations by the vectors A and A, respectively,
and utilizing the equation hg, = H,, which holds for a =0 by virtue of (2.6), we obtain
a system of two equations to determine the derivatives H;,.; on y, in terms of derivatives
of lesser overall order in the variables o and 1

, n i
ANDNH;, nej= Mhn o+ A kgl AN Prot, nk — A kgl d¥DN @iy, nor 3.7)

n

_k
DN Py, nk
i

ADN—ij, i = AH,“ o+ A N

Egs.(3.7) are solvable in the case of linear independence of the vectors Ady" and ADp"
for each natural n. On satisfying the solvability conditions for (3.7), the derivatives of
the remaining functions are determined fairly simply from the remaining equations of the
system and the boundary conditions. It is here convenient to write the third boundary
condition of (2.2) in the following form, solved for s, S:

s="f (D, pry 1), S = Fo (P, p1, )

Lemma. The solvability condition for (3.7) is satisfied at points of the set @, o
characterized by the following property: the normal velocity g, relative to the gas behind
reflected shocks is greater than the local velocity of sound (|q|>]|k]| ¢ for X, :E o).

pProof. We reduce the matrices dy and Dy to diagonal form

dy = wldw, Dy = y Dy {3.8)
dy = diag (vy, V), Dy = diag (N, Ny)
. z
P x= lfﬁ “1) - Zr

I T
w= Vﬁui, z
[qie® — kP \ %
4 e S S
( i(squ*v;hikﬁ) e o
, lqf2e? |k [2\ %
N = J {14 |
12 ( i(lqt”v;2~!kl’) )N,Q:
z={lmlotjg2(lq e~ kY o,
Z=(lm|pt) g (gt —|knn, o

—~

V2=

Here fN.Qi denotes limit values from the domains €; for the quantity f at the point N.
By using these formulas the solvability condition can be represented in the form

(VN )" — Al (o = ey (NN — asdy 0, m=1,2, ... 3.9
A=A—2) A+ ay=RA+2 z—MN H=—h=(—2)X@z+ 2"
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By virtue of the Zemplen theorem /6/ uv,|{<e¢ behind the shock, consequently, v >N >0,
N >Ny >0 for |q|>]|kje. It follows from (2.9) that A>0,A<L0 (the monotonicity of the
(p, o) -pattern), and then |a|<1,]4,]1<1, |H, | <. Therefore, the left-hand side of (3.9) grows
as n increases, but is positive for n=10:1— 4,;#; — ajh; — 5,4, > 0. The lemma is proved.

We will show that condition (3.9) is not satisfied in the general case at those points
X, te=p¢ where the normal velocity y, with respect to the gas is less than the velocity of sound
on at least one side of the contact discontinuity Iy, If this holds in ©,, then w, v, are
complex conjugate quantities and z is purely imaginary. We set wvyl= ', H, =%, g, — % then
{3.9) is converted to the form

€ e — O UNNT — 4T (NN - AT

For fixed n equality is achieved here for i, ¢r 8 satisfying the relationships E&pg =0 (k=
0,4, ..., n—1), where
%1 | nbotd 1 (NN — 4
= ): B,

E,,;,=¢—( +——+8, ZTWW (3.10)
Let ¢ (B, y) vary between ¢, —e and 1, + ¢ as the parameters B,y (B) wvary along a certain path
B =18y — &y o+ &) 8:>>0,i=1,2,3) and for integer p, ¢, p < q Y1y = 2nplg & [Py — &y, Po + ¢,}. Then for k=
ps, n = ¢ and sufficiently large s we have §ux (Bo — &) <0, &ng (Bo + 8) > 0. By continuity, the Eux
vanish at intermediate points of the path mentioned. Therefore, in the "subsonic" case the
problem has no piecewise-analytic solution for general data.
In the "supersonic" case, all the derivatives of the solution can be found uniquely on
V¢ at an arbitrary point N e o, according to the lemma, and a formal representation of the
solution can be written down in the form of Taylor series. Convergence of the series is proved
by constructing a majorant in the neighbourhood of the point N. The linear changes of variables

r=<i)=uh, R=<g)=xﬁ
reduce the matrices dy and Dy in (3.5) to diagonal form
dire=ry -+, DR =R, ¥ 3.11)
v= () v (Lyl) -

The boundary conditions are reduced to homogeneous conditions by standard substitutions
{we retain the notation of the quantities after the substitution). Then for t=0 and a =10
(L— AR =0 —a) ey =(R—H\L -k} |, =0 (3.12)
O —hd — KL}y _o=0 (=220 +2Zy, K =22(z42)Y)

The solution of the transformed EqQs(3.7) is written down explicitly

. L n i o,
By =N A {b,‘h §}+ L, () + kAT 5}31 L+ N;‘LZ BN Ty, nar + 05" By, na} (3.43)
=341 b= =1
: Kid kid i 3 —k
Liineg = MO N 3 Ly 0+ ks B+ A SN iy, s+ 045 (Fios, )
LB =1 =1
B, = (NN — by (NNGY — Ll 33 — oy (K — D)

w = Vi Hy+ oy (ki Ky — hyHy) v, = v gk
Ly (B) = N7 (F1)py, i + AN (B2 oy

L= ";H" ig, s + “W:mk P2y, mon

The formulas for the derivatives r; . ;1 ,; are analogous in form and can be obtained

from (3.13) by a formal replacement of the lower-case letters by upper case and conversely.

The formulas presented show that the derivatives being determined will increase as the
coefficients of the derivatives +;, ¥; increase, and by the replacement of ¥, ¥: by their
majorizing functions. Taking this fact into account, a problem is constructed to determine
the majorant: the A4y, e, Hy, by, X, in the boundary conditions (3.12) are replaced by their
absolute values, while ¥k, is replaced by k= |a Ak (" (1 — o) (1 — | 4, ]). If such substitutions
are made in the expression for A,, then the inequality A, > An,>0 is satisfied for the quantity
Apz oObtained in the result.

The inequalities

(EAES ATKT: ARSI PRICST AESTY: AR AN PR RN
M, =max (1, (JH)Fla Dl (A~ )ahy V7Y (14 ]ahy|)X (1 —|ah })Y
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hold for the coefficients b, and ¢, in (3.13)

Consequently, if the equations to determine the majorants of r, I, R,I are taken in the
form of (3.11), by replacing ¢; and ¥; by Mppim, My¥;n (where wim,¥in are the majorants of
Vi, Vi, My > max (| ky | Xky!, My), then the derivatives of the majorants that are being determined
successively will not be less than the absolute values of the derivatives of the solution.
The systems of coefficients for the derivatives in the remaining equations are replaced by
their majorants (Egs.(3.1) reduce to quasilinear by using differentiation).

The majorants of yin, ¥in canbe selected so that the following relationships are satisfied

Wi == 0N YN — ) |y, = B e | (1 — N Y N — (3.14)
D — [ AH D)y, Wy == 1~uv,1)<uvz — ), s p= Dy

This is achieved by selecting the common majorants of all ;,¥; multiplied by a
sufficiently large numerical coefficient as {um.

Relations (3.14) enable us to seek a particular solution of the majorant problem that
satisfies the relationships

L=|A4 R, I=]a|r, R=|H | L+ kl r=|k|l+ KL

According to the well-known properties of analytic functions, majorants of the coefficients
for the derivatives in the equations can be selected so that the independent variables will
enter in the form of a linear combination f(t-+ pa)+ P —~By+7v—yy=m, E> 1. This enables us to
seek the particular solution of the majorant problem in the class of functions dependent only
on 1. The system of ordinary differential equations obtained is reduced to normal form by
an appropriate selection of the parameter E. The existence of an analytic solution of the
Cauchy problem with homogeneous data for w=0 for a system of ordinary differential equations
follows from the Cauchy-Kovalevskaya theorem. Convergence of the series governing the solution
as a function of the auxiliary variables «,«,B,y is thereby proved. 1If the coefficients A4,
or a, vanish, small changes occur in the proof (see Sect.4).

4, Configurations of a shock and centred wave. Let the intersection of the
(p, 0)- pattern determine the configuration of a shock and centred wave on ¥, In conformity
with Sect.2, the amplitude of the centred wave (CW) on vy, is known, hence, the CW adjoining
the given solution is found independently /3/. The problem of constructing the solution in
a domain bounded by a closing characteristic of the CW and the contact discontinuity as well
as in a domain bounded by the shock surface and the contact discontinuity differs from that
considered above by the fact that conditions of continuous abutment to the CW should be
satisfied on T, which is a sonic characteristic. The remaining boundary conditions do not
change. New variables can be introduced in the domain &,, bounded by I'y and T'; by using (3.1)
in which we put v, = c.

After the change of variables, (l1.1l) take a form analogous to (3.3), here
o ) ” 1—cﬂkmq|—2>p-1c-21|ml'(
T TaF iplqJm] (ta)

(in the notation of the fundamental quantities in the domain Q; the lower-case letters have
been replaced by upper case). On the boundaxry Tv=0, the A, B, S, 2 4+ H are given as
functions of the variables «,fp,y. By analogy with (3.4) it is convenient to write this last

condition in the form
z
()| =re e b s @1
T

A=(1, A)=(1,(0H/0P)y), (0F1/0P)x=0

>

Taking account of the formal similarity between the problem obtained and the problem
examined in Sect.3, further construction of the solution is carried out by the same scheme.
The specific features of the problem are associated with the fact that the surface I, is a
characteristic, consequently, the matrix D is degenerate, its eigenvalue is N, = 0. Moreover,
Ay = 0. Consequently, the condition for the continued equations in the derivatives to be
solvable has the following form here:

(‘Vg'v;l)" —_ a,,hl # O, n= 1, 2, e

This condition is satisfied in the supersonic case and the general case and is not
satisfied in the subsonic case. A representation of the solution in the form of Taylor series
can be written down when the solvability condition is satisfied.

A certain distinction from Sect.3 occurs in the proof of the series convergence in that
Ay = 0. The vector R is introduced by the same formulas as in Sect.3. After conversion of
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the boundary conditions to homogeneous conditions, Eq.(4.1) goes over into L=0 for tv=0.

In the majorant problem the coefficients ay, 4y, by, Hy, ky, Ky of the boundary conditions (3.12) are
replaced by their absolute values. For an appropriate selection of the majorants wim ¥im for
the analogues of (3.11), the particular solution of the majorant problem satisfies the relation-

ships
P Xy

"= T ok b

1= jai1K, | | a1 Ky | )

T—laih | L, R=<|Hll+ 1—Jai |

everywhere in the domain of definition. The existence of a piecewise-analytic solution is

thus proved for the shock and centred wave configurations in the case when the normal velocity
Yot relative to the gas behind the shock is greater than the velocity of sound (the mentioned
velocity is always subsonic in the:domain behind the CW).

It is necessary to reverse the replacement of the dependent and independent variables to
prove the existence of analytic solutions of system (l.1) describing the interaction of strong
discontinuities. The vector u is restored by using relations of the type (2.10). The local
reversal of the change of variables t=t+a+ B, v), x=x(1, «, B, ¥} is possible because of the
non-degeneracy of the appropriate Jacobians. Proof of the existence in the space R!(x,#) of
a neighbourhood of the set o, possessing the same property, as the mapping «x,t—(1, 2,8, v
univalent by in the mentioned neighbourhood is analogous tc the proof of the corresponding
facts in /3, 4/. Hence, we have proved the following theorem.

Theorem. A piecewise-analytic solution of (l.1) exists describing the interaction of
strong discontinuities defined in a certain neighbourhood of the set w. in Ri(x, t).

The solution constructed describes the gas flow, the shock fronts, the contact discon-
tinuities, and the CW in the neighbourhood of the lines of intersection of interacting fronts
Yo moving in R*(x). In the initial period of the interaction the normal velocity 7y, relative
to the gas behind the reflected waves is greater than the velocity of sound (|w |— oo in the
neighbourhood of the point Q as #? + t,>—0). As has been proved, the analyticity of the
solution is conserved here for analytic data. The solvability conditions of the problem are
not satisfied in the class of analytic functions for a subsonic normal velocity vyy. This
means the appearance of singularities in the solution. Transfer to a non-regular interaction
of discontinuities is possible at a later stage. Study of the transition process requires
additional examination.

The author is grateful to L.V. Ovsyannikov for useful discussions.
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